We consider the numerical construction of a unitary Hessenberg matrix from spectral data using an inverse QR algorithm. Any unitary upper Hfessenberg matrix H with nonnegative subdiagonal elements can be represented by 2n -1 real parameters. This representation, which we refer to as the Schur parameterization of 11, facilitates the development of efficient algorithms for this class of matrices. We show that a unitary upper Hessenberg matrix H with positive subdiagonal elements is determined by its eigenvalues arnd the eigenvalues of a rank-one unitary perturbation of H, The eigenvalues of the perturbation strictly interlace the eigenvalues of H on the unit circle.
Introduction
In this paper we focus on an inverse eigenvalue problem for unitary Ilessenberg matrices with positive subdiagonal elements. Throughout this paper all Hessenberg matrices are upper Hessenberg matrices. This class of matrices bears many similarities with the class of Jacobi matrices, i.e. real symmetric tridiagonal matrices with positive subdiagonal elements. Any matrix in either class is normal and has distinct eigenvalues. Both n x n Jacobi matrices and n x n unitary Hessenberg matrices with positive subdiagonal elements can be parameterized by 2n -1 real parameters. This is obvious for Jacobi matrices; for unitary Hessenberg matrices this parameterization is described below. 
Unitary Hessenberg Matrices and Szeg5 Polynomials
We refer to a finite Schur parameter sequence of length n as a sequence of complex numbers {Yj}Yn with j-< 1 for 1 < j < n and Jy J = 1. Also define the complementary Schurparameters {a,7j)n_ by aj := V1 -j-j[ 2 . Associated with the finite Schur parameter sequence {Uj}>=i is a unitary
Hessenberg matrix H with positive subdiagonal elements
where the Givens reflector Gj(-yj) is the identity matrix of appropriate size except for the 2 x 2 principal submatrix It is easy to see that every n x n unitary Hessenberg matrix II = [rj,k] 'k= 1 with j+,,j > 0 is uniquely determined by a finite Schur parameter sequence of length n. In fact, the Schur parameters {'yj}'=I and the complementary Schur parameters { can be determined from by Uj = 7mj+l,j, 1 < j < n; 7j = -7,j/Ual2 .
Gj
Hence, we have a one-to-one correspondence between Schur parameter sequences of length n and n x n unitary Hessenberg matrices with positive subdiagonal elements. This Schur parameterization of unitary Iessenberg matrices with positive subdiagonal elements shows that these matrices are determined by 2n -1 real parameters: the real and imaginary parts of 7 j for 1 < j < n, and the argument of 1',. [vI, v 2 ,. . , vn] T is nonzero, and we normalize U so that each
Hence, the weights Wk = vk are guaranteed to be positive, and = = 1.
The Inverse Unitary QR Algorithm
Given n distinct unimodular complex numbers {,,k}n=I and associated positive weights IV 2)n we can construct a unitary Hessenberg matrix H with the Ak and vk equal to the eigenvalues and first components of the corresponding eigenvectors of If, respectively. This construction is achieved using an inverse QR algorithm, which is analogous with the procedure of [GH) for real symmetric tridiagonal matrices. +,), we perform a sequence of unitary similarity transformations to put the (r + 2) X (m + 2) matrix
The circled element in (3.1) forms a "bulge", which is to be chased down along the subdiagonal in order to obtain a matrix of Hessenberg form. Define G3(01) so that G3(01)fI (2)G;(ao) =: RM3 is a Hessenberg matrix. Then /I(3)G;(aj) has a bulge, which we annihilate by multiplying from the left with G4(a2). Proceeding in this manner, we ultimately chase the bulge off the bottom of the matrix, and obtain the Hessenberg matrix/t('n-1)G ,_l(7,-3), which is unitarily similar to flrO).
The trailing principal (m + 1) x (m + 1) submatrix of lf1('-')G;,_j(TYn-3) is unitarily similar to a unitary Hlessenberg matrix with positive subdiagonal elements. The latter matrix is Vie desired Hessenberg matrix tl'+1 = tt(y,'2 •.,,+j).
This procedure for adding a weight-abscissa pair to Hn, if implemented by directly manipulating the elements of the matrices fl(k) , for I < k < mn, would require 0(m 2 ) arithmetic operations. However, we note that for each k the trailing (m+I)x(rn+1) principal submatrix of f 1 (k) is unitary and of liessenberg form, and, therefore, is unitarily similar to a unitary Hessenberg matrix, denoted by M+1, with positive subdiagonal elements. Hence, we can carry out the similarity transformations by manipulating the Schur parameters of the matrices fi ( Proof. Let A :0 for some 0 < 0 < 27r, and let a =: c'" for some 0 < T < 2r. IThen
Re(e"r/ 2 (1 -AAk))
Thus, Im(e-i/ 2 n(c2°)) _ 0 for 0 < 0 < 2r. Let Ak =: e i k
. We may assume that 0 < 01 < 0, < < 0, < 2r. Then
From 0 < 7 < 27r and Wk > 0 for all k, it follows that and n (V -9,) = 7. The formula for the weights now follows by substituting (4.4) with 7 into (4.3). o
We can now state the inverse spectral problem and its solution.
Probleim: Given two sets of n mutually% interlacing points on the unit circle {A\k}l and {i'k})i determine the unique unitary Ilessenberg matrix H = H(-), .
.. Y-1,1n) and IaI = 1 such that the spectrum of H is fAk}'= 1 and the spectrum of 1I(a-'.. ,~n1
.n)
is {k}k~l* Solution: Let n := rjk'=(v k/Ak). calculate the weights by Proposition 4.3. and use the inverse unitary QR algorithm to construct HI = HI (^,,.. n11) 
